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Introduction

Graham and Sloane [4] introduced the concept of a harmonious graph. A connected graph G = (V, E) with IV1 = p vertices and IE\ = 4 (>p) edges is said to be harmonious if it is possible to label the vertices x E V with distinct elements f(x) of Zq, the integers modulo 4, in such a way that when each edge e = xy is labelled with f*(e) =f(x) +f(y) (mod q), the resulting edge labels are distinct. If the graph is a tree (with p vertices and 4 =p -1 edges), it requires exactly OK vertex label to be repeated.
Chang The above two vertex labellings will be called harmonious labelling and strongly c-elegant labelling respectively. To generalize both the harmonious labelling and the strongly c-elegant labelling at the same time, and to keep the number of vertex labels that can be repeated to a minimum, we introduce the felicitous labelling. A graph which admits a felicitous labelling is said to be felicitous. We shall show that the complete bipartite graphs, cycles Cn with n = odd or n = 4k, and some other graphs are felicitous. We shall also include some classes of graphs which are not felicitous and end the paper with some conjectures.
Definitions and theorems
Our graphs will be finite, undirected and with no loops or multiple edges. If G is a graph, V(G) will denote the set of vertices and E(G) the set of edges of G. Note that a felicitous labelling makes no exception for trees. It is obvious that every harmonious graph is felicitous, but not conversely; every strongly c-elegant graph is felicitous, but the converse is also not true.
Definition. Let G be a graph. A felicitous labelling of G is a one-to-one mapping
In [4] , Graham and Sloane showed that all caterpillars, cycles C4m+l and c 4m+39 fans fn, wheels Wn, and ladders P2 x P, for n 2 3 are harmonious. They also showed that the cube P2 x C4 is not harmonious. Example 1. The cube Pz x C4 (see Fig. 1 ) is felicitous.
Graham and Sloane showed that the complete bipartite graph Km.n cannot be harmonious for m, n > 1. However, we have the following. 
Corollary 1. Every bipartite graph is a subgraph of a felicitous bipartite graph.
For a felicitous graph, an edge e is called an odd edge if f *(e) is odd. We have the following.
Theorem 2. Let G be a felicitous graph with an even number of edges. Then every cycle C of G contains an even number qf odd edges.
Proof. It follows from the fact that
,2IIf *(e) = 2 c f (4 (mod lE(G)I) XEC
for any cycle C of G. Cl Corollary 2. Cdk+* is not felicitous.
Proof. Suppose Cdk+* is felicitous. Then the number of odd edges of C4k+2 is $(4k t 2) = 2k f 1, which is odd, a contradiction. Cl Let Sm be a star with m edges. Let Cn 0 S' (resp. Cn @ S,) be a graph obtained by identifying any vertex of Cn with the center (resp. any vertex not the center) of Sm. Proof. For C 2cc+l 0 &, we label the identified vertex with k, the cycle with k, 0, k + 1, 1, . . . , k -1,2k and the remaining vertices with 2k + 1, 2k + 2 9 ---, 2k+m. Cl
For example, C9 0 S4 is labelled felicitously as shown in Fig. 4(a) . For &+I 8 Snt, we label the identified vertex with m + k t-2, the cycle with m+k+2,2,m+k+3,3,... , k + 1, 1, the center of Sm with 0, and the remaining vertices with k + 3, k + 4, . . . ,m + k + 1. For example, Fig. 4(b) gives a felicitous labelling of C,, @ Ss.
Remark. The labelling in Theorem 4 for C2k+l 0 Sm is harmonious.
Let C,, * Sm be a graph obtained by joining any vertex of Cn to any vertex (not the center) of Sm by an edge. We have the following.
Theorem 5. C2k+l * Sm is felicitous for ali k and m.
Proof. We first label the connecting vertex of &+I with m + 2k + 1 and that of Sm with k. We then label the cycle Czk +, with m + 2k + 1, m + k + 1, 0, m + k + 2, 1, . . . ,k -1, the center of Snt with m + 2k + 2 and the remaining vertices with k+l,k+2 ,..., k+m-1. Cl
For example, Cl5 * S6 is labelled as in Fig. 5 . A harmonious labelling of the Petersen graph is given in [4] as in Fig. 6(a) , while (b) shows a second labelling.
It is found that the second labelling can be continued to produce harmonious labelling of the generalized Petersen graph. The generalized Petersen graph P(n, k) has vertex set v = {x0, x1, -x "9 n-19 yo, y1, l l . 9Yn-1) where all subscripts should be reduced to modulo n. Fig. 7 shows a P(9, 4) .
Theorem 6. The generalized Petersen graph P(n, k) is harmonious for all odd n and any k.
Proof. Label yi with 3i and Xi with 1 + 3i, i = 0, 1, . . . ,n -1. The vertex labels are all distinct modulo 3n. The labels on the edges yiyi+k are 6i + 3k. These labels are distinct modulo 3n. For if 6p + 3k = 6q + 3k (mod 3n), then 2(p -q) = 0 (mod n). But as n is odd, we must have p = q. The labels on the edges xiyi are 6i + 1. Obviously these labels are distinct and different from those on edges yiyi+k. Finally the labels on edges Xixi+l are 6i + 5. Again these labels are distinct and different from labels on edges Xiyi as well as yiyi+k. Hence the labelling is harmonious. Cl For example, Fig. 8 shows harmonious !abellings of P(7, l), P(7, 2) and P (9, 3) . Graham and Sloane proved that K, is harmonious iff n s 4. We shall show that k, is felicitous iff n s 4. In fact our result follows immediately from the following.
Theorem 7. Let G be a graph with the property that any two vertices of G have a common adjacent vertex. Then G is felicitous ifi G is harmonious.
Proof. Clearly if G is harmonious, it is felicitous. Conversely, suppose G is felicitous, then G will be harmonious unless every felicitous laklling of G uses both 0 and (E(G)j. But if the labels 0 and IE(G)I occur on, say, vertices u and v, and if w is a common adjacent vertex of u and v with vertex label I, then since
, the labelling is not felicitous, a contradiction. Cl
Corollary 3. K,, is felicitous if n s 4.
Let G, U G2 be the disjoint union of the graphs G1 and G2. Let P, be a path on n vertices. Then we have the following theorem.
Theorem 8. The disconnected graph P2 U Czk + , is felicitous for all k 3 1.
Proof. We label the vertices of the path P2 by 0, k + 1 and the vertices of the cycle by k + 2, 1, k + 3,2, . . . ,2k + 1, k, 2k + 2. For example, P2 U C3 and P2 U C, are labelled as in Fig. 9(a) and (b). 
Point amalgamation of graphs and some nonfelicitous graphs
First of all, we introduce a point-amalgamation of graphs. Given a graph G, let v. E V(G) be a fixed vertex of G. For n 2 2, we denote by Amal (G, r~~, n) the graph constructed by amalgamating n copies of G with the fixed point VJ~. Proof. (i) The graph Amal (&+r , v, 2(2k + 1)) has (2t + 1) x 2(2k + 1) edges. If
Amal (C21+ 1 P v, 2(2k + 1)) were felicitous then it must have (2t + 1) (2k + 1) odd edges. By Theorem 2 all cycle components must contain an even number of odd edges. However, we have an even number of cycle components, and so the total number of odd edges in Amal (C,, 1, v, 4k + 2) must be even. This is a contradiction. Cl 1. For which m and n is the graph Amal (C,, v, n) felicitous? Kotzig ]6] called a graph G 2-regular if every vertex of G has valency 2. Every Zregular graph is a disjoint union of cycles. Using Theorein 2 we can prove the following.
If a 2-regular graph G is a disjoint union of either mber of Cdk +2, or
(ii) 4k + 2 copies of C2,,, + , , then G is not felicitous.
. Characterize 2-regular graphs which are felicitous.
Using the same argument as Graham and Sloane [4] , we have the following.
Almost all graphs are not felicitous.
We conclude with the following conjectures:
(1) Every n-dimensional cube is felicitous.
(2) Every graph is a subgraph of felicitous graph.
(3) (Graham and Sloane) Every tree is felicitous. (4) The graph P, U Czk+, is felicitous for all n 3 4.
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